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IntroductionIntroduction

The central aim of this study is to improve the accuracy 
of multivariate Calibration Curves employing Polynomial 
and Multi Layer Perceptrons Neural Networks. The 
proposal considers a Reference (or Principal) Function 
represented by a polynomial and a Deviate Function 
represented by a Multilayer Perceptron Artificial Neural 
Network (MLP). We have observed a decreasing of the 
data-spread around the Fitting Calibration Curve (CC). 
The calibrations were performed under repeatability 
conditions and we expect repeatability responses of CC 
Fitting. 



InstrumentationInstrumentation
During the wind tunnel tests at the 

TA2 aerodynamic facility (Fig.1) a six 
component external balance is used to 
measure three forces F1, F2 and F3 (N) 
and three moments F4, F5 e F6 (Nm) 
acting on the model. The electrical 

output load cell readings Si (i=1 to 6), 
units in (mV), are respectively 
measured and the loads Fi are 
obtained from the multivariate 

Calibration Curve (CC). Since we 
performed the calibration prior to the 
test employing 73 combinations  of  
known loads and 73x6 known cell 

readings we can achieve a 
multivariate CC by approximation 

techniques.

Fig. 1 - The TA-2 wind tunnel test 
section



MethodologyMethodology
1.Fitting by Polynomial Only1.Fitting by Polynomial Only
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Nowadays we utilize a Multivariate Polynomial of Second Order Degree with 
an intercept equal to zero to fit a Calibration Curve. To find the parameters an

(n=1 to 27) we utilize the least squares method through the formulae:

FSSSa M

T

MM M
T
M )(

1-
=

From left to right: parameters matrix am, design matrix Sm and loads matrix Fm.



MethodologyMethodology
2.Fitting by MLP Only2.Fitting by MLP Only

The MLP can be represented by a 
graph and mathematical modeling 

shown in Fig. 2. The nodes are 
Artificial Neurons (Perceptrons) and 

each one represents each 
mathematical transformation in 

following formula:
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Fig. 2 – MLP Graph and its Mathematical Model



Methodology Methodology ( Continuation 1 )( Continuation 1 )

2.Fitting by MLP Only2.Fitting by MLP Only
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The minimization of errors is performed by linearization of errors and least 
squared errors.  The aim is to decrease the indicator Sum of Squared Errors 
(SSE). The following formulae define both, errors minimization and SSE 
respectively: 
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MSE Formula. Errors e and 
number of errors N.

MLP Learning Formula. From left to right: synaptic weight (next value), synaptic 
weight (present value), l = learning rate, Jacobean Matrix and error matrix.



Methodology Methodology ( Continuation 2 )( Continuation 2 )

3.Fitting by Combination 3.Fitting by Combination 
between Polynomial and MLPbetween Polynomial and MLP

iiiiiiii dFdDFDFF +=++=+= '''''

The combination between Polynomial and MLP involves a first approximation of the 
Calibration Curve (CC) by Polynomial only: the “Reference Function”. This 

approximation generates Fi’ , whose values deviate Di in relation to Fi measure 
values. Provided that these errors Di are systematic ones, then they can be 

approximated by a second function: the “Deviate Function” (DF). This DF can be 
approximated by a MLP. This latter approximation generates Di’, whose values 
also deviate di in relation to Di.  Eventually we summarize the  values Fi’ and Di’ 

resulting in Fi’’. Provided that the Polynomial and MLP converge to Fi and Di

respectively, then di will be lower than Di. See the following formulae:

iii dDD += '



Results A: Results A: 
The polynomial approachThe polynomial approach

6.72002.70952.5268
P3

5.28857.006710.5129
P2

5.25847.537911.5712
P1

SSE
Pred.
(Cal. 3)

SSE
Pred.
(Cal.2)

SSE
Fitting
(Cal.1)

Math modelPolynomial
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Table1: Polynomials employed to represent the Calibration Curve and the SSE values
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In this phase, the three different polynomials P1, P2 and P3 employed to represent the 
Calibration Curve are presented in Table 1, along with the values of the SSE of the 
polynomial least squares fitting for the calibration number 1 and for the prediction of 
the second and third calibration data set. The prediction consists of maintaining the 

parameters found in the least squares fitting and, supplying different S values 
originating from subsequent calibrations, thereby obtaining new F(pred) values. 



Results B: The MLP approachResults B: The MLP approach
This figure presents the comparison between the learning SSE of the MLP and the 

polynomial P3 , as a function of the number of neurons in the hidden layer. The 
learning of the MLP and polynomial fitting results are related to the first calibration 

data set. Figure 3 also shows the MLP and polynomial predictions for the second and 
third calibration data sets. Learning and prediction process were performed using the 

Hyperbolic Tangent transfer function in the hidden layer and in the output layer. 
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Results C: Combination MLP and Results C: Combination MLP and 
Polynomial approachPolynomial approach

The MLP and Polynomial combination procedure consists of the following 
phases:

Step 1: summation of the fitted load F’i , originated from the polynomial fitting, 
and the errors D’i estimated by MLP. The net errors of the combination are 
equal to the MLP errors di; 

Step 2: maintaining the polynomial fitting estimated parameters and the 
synaptic weights resulting from the MLP learning process, to predict the load 
values F(pred) predicted for subsequent calibrations, by supplying new values 
of load cell readings; and 

Step 3: evaluating the prediction errors, which are the differences between 
the predicted values F(pred) and the loads applied in the new calibration 
processes. 



Results C Results C ( continuation 1 )( continuation 1 ) : Combination : Combination 
MLP and Polynomial approachMLP and Polynomial approach

Figure 5Figure 5YesHyperbolic 
tangent

P2C2

Figure 4Figure 4YesHyperbolic 
tangent

P1C1
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Results C Results C ( continuation 2 )( continuation 2 ) : Combination : Combination 
MLP and Polynomial approachMLP and Polynomial approach
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Figure 4. Comparison between the SSE of polynomial P3 and the SSE of the combination C1 , in the learning and prediction mode.



Results C Results C ( continuation 3)( continuation 3) : Combination : Combination 
MLP and Polynomial approachMLP and Polynomial approach

Figure 5. Comparison between the SSE of polynomial P3 and the SSE of the combination C2 , in the learning and prediction mode. 
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Other IndicatorsOther Indicators

3 sets0.08630.19571.9643

2 sets0.15792.0597

1 set2.1115

Standard Deviation of Fitting (s)

3 sets0.00870.02240.01960.06390.6836

2 sets0.00710.02250.04370.04370.5247

1 set0.00790.02470.04280.04770.5241

Mean Squared Error (MSE) = sqrt (SSE / Number of Errors)

3 sets0.10000.65730.50665.3627614.1008

2 sets 0.04440.44261.67481.6711241.1826

1 set0.02730.26650.80190.9958120.3316

Sum Squared Errors (SSE)

2418126

Number of 
considered

set of 
measurements

Number of Hidden Neurons in MLP Desviate
Function.  Reference Function = P1

Polynomial
P3

Table 3: Comparing other indicators of Performance  Fitting . Considered Load : F6.



ConclusionsConclusions

The SSE value of the fitting has predominantly decreased as the complexity of 
mathematical modeling increases or the number of neurons in the hidden layer 
increases.

The decrease of the SSE is not certain to occur in the prediction. Figure 3 reveals 
that the more one confines the MLP learning, the more one departs from the 
prediction of subsequent calibrations.

The approach proposed in this study which combines MPL and polynomial resulted 
in improved SSE for the prediction of the aerodynamic loads, when using P1 and P2

as Reference Function. This behavior was presented in Figs. 3 and 4. Further 
studies must be conducted in order to find proper MLP configurations which result 
in improved prediction accuracies when detecting non-linear behavior of the 
calibration process.

Others indicators such as the ones presented in table 3 also decrease as the 
complexity of mathematical modeling increases. The indicator “s” decreases and 
there is the possibility that net uncertainty computation will decrease.


