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Amoplitude

The dynamic measurement

Measurand
Measured Signal

Measurement system:
0.7+ « Accelerometer
— Strain-gauge/piezo-electric

— Resonance freq.  f- = 50kHz
0.5 L — Damping ( =0.02
* Filter
AT — Increase damping/reduce oscillations
03 L — Type Low-pass Bessel

— Cross-over freq. f, = 0.75f,
0.2+ — Order n=4




Dynamic measurand estimated !

— Measurement uncertainty ?
l

T Estimated
e V| € A S U Td 10 -I
0.9 | _Al
0.8 | GUM: "This guide is ... concerned with the
expression of uncertainty...of ... the
measurand ... characterized by an ...
unique value”

Amoplitude

Dynamic aspect
04+ « Time: Correlations (GUM)
* Freq.: Bandwidth (Signal Proc.)

* Changed by system
* Uncertainties colore
* Est. measurand (GUM) / Correction
‘removes’ correlation added by system
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The result ?
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Dynamic model uncertainty...
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Outline (GUM concepts, dynamic analysis)

* Model equation for dynamic measurement (time)

* Statistics — interpretation of uncertainty

* Stochastic La-place / z-plane model

* Error model

* Error propagator

* Statistical analysis — propagator of uncertainty

* Summation rule

* Generalization of constant 'GUM’ sensitivity

* Synthesis of digital filter bank for dynamic uncertainty
* Example revisited — transducer system

Excluded:
System identification
— Determination of model equation from dynamic experiment / calibration
Estimation of measurand
— Dynamic correction
Estimation of dynamic error
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Dynamic model equation of measurement 1(2)

Continuous time CT (measurand, analogue systems)

7 7 7722 7733 _ o~ ~ ~ 12 ~ 3
byt b0, y+ b0 y+ b0yt .= axtal x+ a0 x+al x+..

Sampling — Analogue to Digital Conversion (ADC)> Aliasing

x, = xkT,), k=12,...  f,< fv= fo/2

Discrete time DT — ADC> Discretization Time Error / Utilization

byy,* by, .t by, st by, st .= ax,tax,  tax,,tax, ..

Measurand ('infinite’ dimension) W),
Measured signal (‘recorded’) X(f), Xy
Uncertain quantities: b.,b, a,a, vy, x
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Dynamic model equation of measurement 2(2)

Key aspect — Differential CT DT
Time : 0, o fN(D+1 - D_l)
Transform: s o  fylz-1/z

L1 Strong correlations in time!

* Signal
* System
L] "New’(?) features of calibration
* Waveform distortion (auto-correlation x / y — difference)
* Time delay (cross-correlation x y — lag for
max)

LI Non-linear model equation in uncertain quantities
Uncertainty in time or over realizations???




Stochastic dynamic model 1(2)

1. (Rapid) fluctuations in time?
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Stochastic dynamic model 2(2)
2. Fixed for each realization?
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Transformed model equation of measurement 1(2)
Continuous time CT
(13; t bt bys®+ bys® + )Y(s) =@+ st @+ @0+ ) X(s)
ADC of signal & system — Mapping (impulse-, bilinear, ident....)
z=M(s),  {a.b)= M35
Discrete time DT
(byt bz '+ bzt bz + )Y 2)= (agt az '+ a2 a2+ L) X[

=> Transfer functions (!)

L L L er 213 -
CT: Hls): Xls) f°+?}S+ %S ' ZZ?S URLIIN Zeros
Y(s) dy+ ast G,s°+ a8+ ...
X(Z) bt bzt bz>+bz>+ . B
DT: G - = 0 1 2 3 =
WY (Z) Y(Z) a, t+ CllZ+ a222 + CZ3Z3 + ... ] Poles
VY]
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The dynamic model
— stochastic parameters in the ’s-plane’/’z-plane’ 2(2)

Y\
1Y}

S

v 10 s-plane model

i L | Uncertain...

Imaginary Part

Transducer poles

Filter poles 1

Filter poles 2

RealPart
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Error propagator (bare) 1(3)

Dynamic model equation H(s)= K

Linearization / factorization

AH(S) = AE(S)H(S) ~
VE(s) = Z pp, = q _q‘ = ZJ p,E,ls)
Py - % q:{ Z, 51}

Apply H'l(S) to find error of estimation
— Error propagator acts on estimated measurand )3(1) :

=5 9,0, (0050

L BUT: Complex-valued poles/zeros completely correlated in pairs!
W (real-valued signals...)
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Error propagator — correlated poles/zeros 2(3)

Include correlation explicitly — combine conjugated pairs

Three error subsystems (labelled by IIR orders) Im(q) 2 0
Real-valued par. => 01
Complex-valued par. => ‘02,12’
s<<lg| s>>lq
. g
Eém)(s) = - ~ 1 ~ ‘q‘/s
2
E(oz) ¢ - ‘q‘ 1 ~|g 2 2
R A
s|q
ESNs) - ~sfla]  ~lal/s

ls-q)(s- g)



Error propagator (final) => Error model 3(3)
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Statistical analysis
— Dynamic model errors 0 = Ag/q 1(2)
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”The law of propagation of uncertainty...” (GUM) 2(2)

Assume
* All{o,=2¢q/lq} uncorrelated
* All probability density distributions P(p q) uniform in angle

Uncertainties combined similarly static/dynamic case
)= ¥ wie - Y welild)
Img20 Img20

Real-valued poles/zeros: Filtering:

c, (3= ¢ (3 cyi(p)= el
Complex-valued poles/zeros ’paired’:

e, (= 20¢ 1 (5)- explia ¢ 7 ()




Realization of propagator of uncertainty
— Digital filter

1. Map all continuous time poles and zeros* q - exp(aTS)

3. Adjust lificati -m
just amplification z bz

-1
) o

5. Read off input {5,} output {a,} filter coefficients Eq(z) =

Continuous time s-plane Discrete time z-plane

E(01) - |q| (01) . |q|TS

s 74 £") z- explqTy) 2

2

E(oz) - |q| E(oz) . |(]| I

Y [s- Q)|(~*|" q) 1 |- exp(les)]gﬁ exp(q Ty )
g2l - 19 g2 . z- 1)|q|Ts

T e [ I Bl e ) P
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Example:
Transducer system...




Amoplitude

The dynamic measurement

Measurand
Measured Signal

Measurement system:
0.7+ « Accelerometer
— Strain-gauge/piezo-electric

— Resonance freq.  f- = 50kHz
0.5 L — Damping ( =0.02
* Filter
AT — Increase damping/reduce oscillations
03 L — Type Low-pass Bessel

— Cross-over freq. f, = 0.75f,
0.2+ — Order n=4




Dynamic Model Uncertainty
Alt. 1: Sensitivity vs. time, contr. 1/3 — Transducer
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Dynamic Model Uncertainty:
Alt. 1: Sensitivity vs. time, contr. 2/3 — Filter poles 1
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Dynamic Model Uncertainty
Alt. 1: Sensitivity vs. time, contr. 3/3 — Filter poles 2
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Dynamic Model Uncertainty

Alt. 1: Total sensitivity vs. time (equal par. unc.)
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Dynamic model uncertainty...

* Contribution to dynamic uncertainty:
— Uncertain dynamic model poles/zeros
* Procedure
— Linearization s-plane model
— Statistical analysis, ensemble averages
— Propagator of uncertainty: Parameter unc.=> Measurement unc.
« Similarity static/stationary unc.
— Linearization — Sensitivity
— Quadratic summation
— Time-invariant measurement system
* Difference static/stationary unc.
— Time-dependent measurand => Time-dependent sensitivity
— Linearization in s-plane, not time
— Physical correlation: complex-conjugated pole/zero pairs
* Excluded
— System Identification
— Estimation measurand / dynamic error

Thanks for your attention!







The large picture...
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What is it all about?...

Holistic perspective — Dynamic metrology

* Characterization / 'Dynamic calibration’
=> Complete dynamic description

* System identification
=> Dynamic model

* Error bound estimation
=> Systematic/repeatable error

* Uncertainty evaluation
=> Uncertain deviation

* System optimization
=> Reduced error

* Dynamic correction / estimation
=> Eliminate(?) error and time delay

Studied here:

* Uncertainty evaluation

— Time-dependence of measurand
Y

\A * Dynamic model parameters

_ (measurement noise, model errors, implementation uncertainty etc. excluded)
SP Technical Research Institute of Sweden 30
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Sensitivity coefficients / functions / signals

GUM: Y =
Model (algebraic?!) of measurement
Sensitivity coefficients Cn
Combined uncertainty

Static/stationary

=~

(X, X,,...., X,
f

C

X

a n
N
Y cu’lx,)

1

Lé(xn) .

n

Dynamic generalization

Uncertainty of \u(x \ C

nl

n

o< 1< T)|0ulx,)

ulx,) 3

parameters -_-(j_) X
Excites the / n 4

system
Time-variant !

Dynamic ‘uncertainty systems’ !:
Linear Time/invariant

2

Sensitivity signal !
(Shown previously...)




”The law of propagation of uncertainty...” (GUM) 3(3)

Assume
+ Al{p, = 0q,/lq.] uncorrelated
* All probability density distributions P(p K ) uniform in angle

Time-dependent uncertainty:

vt =Y upct(tg)
Img20
gy = Ko . Im{g)=0
, qucoz(t»Q)_ eXp(iG )Clz(t9Q)‘ ; Im(Q) >0

<10k101> - 5kzD“§ka <pk>:0

YAV
VY]
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Propagator of uncertainty — sensitivity signals c(t,q)

iyl =Y ugcttg)
Img20
1¢ 01 (1, 9) , Im(g)=0
ctd)  * 0, Deda) e %
22107 VAGL VRS VACY x , Im(q)>0
7 G- 2008l ¢ o (1, 9)¢ 12 (1,9)
Com(t,9) = e, (5,q) U (20)
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Summation rule

Uncertainties combined similarly static/dynamic case

ul(v.t)= Y uici(q) - Y u;ct(t,9)

Img20 Img20

Real-valued poles/zeros:

c(t,q) = ¢y (2,9)

Complex-valued poles/zeros ’paired’:

c(t,q) = 20¢ o (1,q) - explia )¢, (t,)




Statistical averages and ergodicity? 2(3)

« Static/stationary measurements:
— Time average
— Ensemble average

Equal — ergodic systems

Ag, bg
» Dynamic measurements: <P 1P m> - < - >
— Time average??? 9@ dm

* Time-dependent measurand / uncertainty (!)
— Ensemble average

* Repeat measurement same measurand???
* Monte Carlo simulation
= Statistical evaluation of model

Time-variant measurement — non-ergodic system!
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