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n Error-correction is built into
most modern instruments

u uncertainty?

n Bivariate GUM

u y = f (� � � )

u V y = JT V J

u single-step

u systematic errors?

n Uncertain complex numbers

u multi-step processing

u equivalent maths

u intuitive notation

u automate with software



The vector network analyzer (VNA)
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The VNA measurement set-up is complicated internally (instrument
imperfection) and externally (cables and inter-connection interfaces)



Error model
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An error-box is used to model imperfect VNA hardware, but there are
other errors too
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Some errors do not change between measurements, others do: it de-
pends on the measurement procedure.



Measurement equations
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Measurement represents a mapping from VNA response to an estimate
of the quantity of interest,

f (a; b; E S; E D ; E R ; c0
t ; � � � ) ! �

E S; E D ; E R ; c0
t ; � � � contribute to uncertainty: E S; E D ; E R are deter-

mined by a `calibration procedure'.

In the usual approach, a single function of all in�uences is n eeded to
evaluate uncertainty.

n The 2N � 2 Jacobian matrix, J, of f with respect to all in�uences
is required (�rst partial derivatives)

n The 2N � 2N variance-covariance matrix V for all in�uences is
required

n The 2� 2 variance-covariance matrix V � , representing uncertainty
in the result, is

V � = JT V J



More than one equation is natural
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Single measurement functions are a problem

n Calibration errors are �xed in later measurements

n One function for measurement results is problematic

u � [1] = f (a[1]; b[1]; E S; E D ; E R ; x 1[1]; � � � )

u � [2] = f (a[2]; b[2]; E S; E D ; E R ; x 1[2]; � � � )

� [1]=� [2] = ?

n If the procedure is changed, J must be re-formulated

Step by step data-processing would be easier.



An alternative formulation
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A function represents a measurement procedure

Y = f (X 1 ; : : : ; X l ) :

The variance-covariance matrix associated with y , which characterises the un-
certainty, can be conveniently expressed as

V (y ) =
lX

i =1

lX

j =1

U T
x i

(y ) R (x i ; x j ) U x j (y )

where the contribution to uncertainty in an estimate y from the estimate x j is the
component of uncertainty matrix

U x j (y ) =

"
@f1

@x1 j

@f1
@x2 j

@f2
@x1 j

@f2
@x2 j

# �
u(x1j ) 0

0 u(x2j )

�
=

@f
@x j

U x j (x j ) :

and the four correlation coef�cients associated with a pair of complex quantities

R (x i ; x j ) =
�
r (x1i ; x1j ) r (x1i ; x2j )
r (x2i ; x1j ) r (x2i ; x2j )

�



... adapted to multi-equation problems
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Some procedures are better represented by a sequence of equations

Y 1 = f 1(� 1)

...

Y p = f p (� p )

The uncertainty calculation still applies, however, a component of uncertainty in
y is now evaluated recursively; the i th step being1

U x j (y i ) =
X

y k 2 � i

@f i

@y k
U x j (y k )

n when f i (� i ) is evaluated, the set of U x j (y i ) can be too

n processing of intermediate results and components of uncertainty together
suggests a new abstract entity

1Recursion stops wheny k refers to an in�uence estimate, not an intermediate result.



Uncertain complex numbers
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An uncertain complex number (UC)� � �

n � � � is associated with a quantity of uncertain value

n � � � encapsulates information about an estimate

n � � � provides an abstract notation (cf, matrices, complex numbers)

n � � � can be supported by software (data type, library of functions)

n � � � can be used in expressions (+, -, *, /, sin, log, etc)

n Many UC properties can be evaluated

u value (of estimate)

u uncertainty / covariance (of estimate)

u component of uncertainty

u correlation

u � � �



An UC for the raw re�ection coef�cient
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"

� raw

n a and b are numbers with no uncertainty (instrument data)

n Associate � and " with estimates (� = 0 and " = 1 and appropriate
standard uncertainties)

n Associate an UC with an estimate of the raw re�ection coef�ci ent

� raw =
b � �

a"



An UC from the standard
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n The actual value of � is uncertain, an estimate is associated with �

n There is uncertainty due to cables and connectors: c0
r ; c00

r ; � � �

n An UC for the re�ection seen at the VNA input is therefore

� cor = c0
r +

c0
t c

00
t �

1 � c00
r �

This includes uncertainty information about the nominal value of �
(the standard), as well as the cable and connector errors



Open-Short-Load calibration
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The error-box parameters can be estimated after measuring the VNA
response to different standards.

n Raw values are estimated from VNA measurements

n Corrected values are associated with the DUT

n A 2-port error network models the �xed instrument errors, bu t an interme-
diate representation is convenient

A � cor + B � C � cor � raw = � raw

b b b b

b b b b

E R

E D E S

� cor� raw



Solving for the error parameters
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n Open, Short and Load standards are measured (� O � 1, � S � � 1,
� L � 0)

n Obtain � raw and � cor

n Each measurement yields an equation of the form

A� cor + B� C�cor � raw = � raw

n A linear system of equations is solved (e.g., LU decomposition)
2

4
� O

cor 1 � � O
cor �

O
raw

� S
cor 1 � � S

cor �
S
raw

� L
cor 1 � � L

cor �
L
raw
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n The error-box terms are

ED = B ; ES = � C; ER = A� BC:



Error correction during normal operation
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The VNA is used to provide error-corrected measurement results, with
UCs this involves several extra steps:

� raw �i =
bi � � i

a i " i

� cor � i =
� raw �i � ED

ER + ES(� raw �i � ED )

� i =
� cor � i � c0

r � i

c0
t � i c

00
t � i + c00

r � i (� cor � i � c0
r � i )

Note the index i .

Most UCs in the i th measurement are associated with independent
errors, whereas the error-box terms are �xed.

The representation of independencein this way is crucial for subsequent
calculations.
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VNA measurements

n Typical error values

n `Internal' data are not accessible, so

u assume a calibrated VNA is nearly perfect

u ) the error-box valuesobtained will be ideal

Interested in:

n contributions to error-parameter uncertainty

n correlation between error-parameters

n contributions to uncertainty in measurement results

n contributions to uncertainty of functions of results



Error parameter ED
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Uncertainty contributions
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Error parameter ES
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Uncertainty contributions
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Error parameter ER
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Uncertainty contributions
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Error parameters may be correlated
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A correlation matrix for the three error parameters is a symmetric 6 � 6
matrix of terms related to the real and imaginary components:

re(E D ) im( E D ) re(E S) im( E S) re(E R ) im( E R )
re(E D ) 1.0
im( E D ) - 1.0
re(E S) - 0.7 1.0
im( E S) -0.7 - -0.1 1.0
re(E R ) - - - - 1.0
im( E R ) - - - - - 1.0

(Terms less than 0.05 are shown as `-'.)



First re�ection measurement
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� 1 = 0 :76 + j0:03
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Introduction
- VNA example
- error model
- measurement equations

- more equations
Alternative formulation
- multi-equation form
Uncertain numbers
- � raw

- � cor

OSL Calibration

- error parameters
Error correction
Example
- error parameterE D

- error parameterE S

- error parameterE R

- correlations
- � 1

- � 2

- � 2 =� 1

- the uncertainties
Conclusion

� 2 = 0 :67 + j0:07
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Re�ection measurement ratio
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� 2=� 1 = 0 :88 + j0:06
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How do the results compare?
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Quantity Value covariance
p

(total variance)

� 1 0:76 + j0 :03

"
2:5 � 10� 5 � 7:8 � 10� 7

� 7:8 � 10� 7 2:7 � 10� 5

#

7:2 � 10� 3

� 2 0:67 + j0 :07

"
2:2 � 10� 5 � 5:8 � 10� 7

� 5:8 � 10� 7 2:4 � 10� 5

#

6:8 � 10� 3

� 2=� 1 0:88 + j0 :06

"
7:4 � 10� 6 � 1:2 � 10� 8

� 1:2 � 10� 8 7:4 � 10� 6

#

3:9 � 10� 3

� 2 � � 1 � 0:09 + j0 :04

"
5:1 � 10� 6 � 1:7 � 10� 8

� 1:7 � 10� 8 5:2 � 10� 6

#

3:2 � 10� 3

� 2 + � 1 1:43 + j0 :10

"
8:9 � 10� 5 � 2:7 � 10� 6

� 2:7 � 10� 6 9:6 � 10� 5

#

1:4 � 10� 2

n Note the signi�cantly lower uncertainty of the relative mea sures

n If correlated error parameters are ignored the
p

(total variance) in-
creases signi�cantly

� 2=� 1 ! 1:2 � 10� 2 ; � 2 � � 1 ! 9:6 � 10� 3



Final remarks
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Advantages

n A general data processing tool with full uncertainty propagation

n Post-processing and calibration are inherently multi-step procedures

n Systematic errors are easily handled

n A seamless, coherent, method of propagating uncertainty

n Inherently modular!

u Distribution of effort; reuse

u Design optimisation and validation

Challenges

n Parts of the process need to mesh together

u Firmware ! DAQ software ! data processing ! data storage

u ) common standards (industry)

u ) dissemination / education (NMIs)



THANK YOU
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