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Introduction

Motivation
� Success of “Acausal” models versus “Causal” models

� acausal modeling is a convenient way to express specifications.

� are easy to build and modify,

� require highly elaborated tools to handle them efficiently,

� causal modeling is a convenient way to express explicit computations.

� are difficult to build and extremely hard to modify,

� generally don’t require elaborated tools to handle them efficiently,

� Today, users define complex objects. They must specify and solve multi-
physics problems. Also problems with physic and geometric constraints.

Outlines
� Keywords in TTRS theory

� The Geometric Algebra (GA)

� The representation of TTRS in the GA language
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Keywords in TTRS theory

� Develop by professor A. Clément

� Based on the study of the structure of the “solid 
displacement group” in the 3D Euclidean space.

� It is proved that this group is subdivided in twelve
subgroups.

� It is proved that there exist only seven subgroups for 
which a surface can be constructed.

� There are 7*8/2 = 28 associations cases.

� There are 44 reclassifying cases.

� Between Points, Lines and Planes, there are only
13 reclassifying cases.

The number of TTRS is finite

CATIA CAD-system uses TTRS to represent 
Geometric tolerances
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The Origin of Geometric Algebra

The foundations of Geometric Algebra (GA) were established during the 19th century
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Geometric Algebra

What is the Geometric Algebra

1. It has an associative, noncommutative product with identity. 
The product is called the geometric product.

2. It is a vector space, called Gn, extending the vector space Rn.

� It has 2n dimension.

� Its vectors are called multivectors.

� Scalars are multivectors.

3. The geometric product (left and right) distributes over 
multivector addition.
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The Geometric Product

= ⋅uu u u

( )1 /− = ⋅u u u u

Based on a single rule. For every vector u

This equation shows that nonzero vector have an inverse

( ) ( ) 2+ ⋅ + = ⋅ + ⋅ + ⋅u v u v u u u v v v

( )( )+ + = + + +u v u v uu uv vu vv

For every vectors u and v

( )1

2
⋅ = +u v uv vu

( ) ( )( )2
0= = − = − ⋅ ⋅ <uv uvuv uuvv u u v v

When u and v are orthogonal
= −vu uv uv is not a scalar 

is not a vector,
it is a bivector
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The Vector Space Gn. Multivectors

The vector space Gn has 2n dimensions

� 2D basis � 22=4 elements

� 1 scalar, 2 vectors and 1 bivector (a 2-vector)

{1 , e1 , e2 , e1e2}

� 3D basis � 23=8 elements

� 1 scalar, 3 vectors, 3 bivectors and 1 trivector (a 3-vector)

{1 , e1 , e2 , e3 , e1e2 , e2e3 , e3e1 , e1e2e3}

Grade 0   

scalar

Grade 1   

vector

Grade 2   

bivector

Grade 3   

trivector
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Inner and Outer Product

Geometric product of two vectors

Inner Product

cosθ⋅ =u v u v
Outer Product

sinθ∧ =u v u v i

= ⋅ + ∧uv u v u v
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Representing Subspaces

2 2 21
2 1 2 1/k k

− =B b b b b b b⋯ ⋯

A k-blade as an inverse

Geometric Algebra represents subspaces 
with their blades

= ⋅ + ∧uB u B u B

The geometric product between vector and k-blade is
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Representation of TTRS with GA

TTRS theory GA language

Is it possible to represent a TTRS with a multivector ?

we will give an answer in the following slides

But Why ?

To solve the problem of the chirality.

To be more adapted with declarative modeling
in geometry domain.

To be extended toward the multi-physics problems.
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TTRS Line-Line (1/6)

Each Line is represented by

• One point (Affine Space)

• One direction (Vector Space)

• The multivector

jp

jt

jL

ip
it

iL

i i i
+t p t
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TTRS Line-Line (2/6)

Line-Line Association

• Affine Space � Set of points

• Vector Space

• Association of two directions, and

• New vector for the affine connection

jp

jt

jL

ip
it

iL

ji j i= −p p p
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TTRS Line-Line (3/6)

Line-Line Association as member of GA

• Affine Space � Two points

• Vector Space � Three directions

• The following multivector

i j j i i j
+t t p t t

Tangent

Grade: 0 ; 2

Moment

Grade: 1 ; 3
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TTRS Line-Line (4/6)

« Left » Hand

« Right » Hand

Usually, to specify this object, a designer 
provides the distance (along the common 
perpendicular) and the angle between the 
two lines.

α

d

jp

jt

jL

ip
it

iL
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TTRS Line-Line (5/6)
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TTRS Line-Line (6/6)

TTRS is represented by a multivector

i j j i i j
+t t p t t

Angle

( )
( ) 2tan

i j

i j

α
∧

=
⋅

t t
I

t t ( )
( )
ji i j

i j

d
∧ ∧

=
∧

p t t
u

t t

( )ji i j∧ ∧p t t

Distance

Chirality
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TTRS as a member of GA

Case study

Association Table between Point, Line and Plane

Based on the same simple principle
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Conclusions and Perspectives

We have demonstrate

� Geometric Algebra is efficient to specify Geometric Objects.

� TTRS theory assures that the number of cases studies is finite. 

� The TTRS between Plan, Line or Plane can be represented by a 
multivector. Mains advantages are

� One TTRS � One multivector

� All the geometric properties are included

� The chirality is a specification (not a result)

Further work

� And the others TTRS …

� The approach must be extended to represent and solve
“Physic and Geometric” problem.
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